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Continuous-time Trajectory Estimation for
Differentially Flat Systems

Jacob C. Johnson, Joshua G. Mangelson, Randal W. Beard

Abstract—Continuous-time estimation using splines on Lie
groups has been gaining traction in the literature due to the
ability to incorporate high-frequency sensor data without intro-
ducing new optimization parameters. However, evaluating time
derivatives and Jacobians of Lie group splines is computation-
ally expensive, limiting their use mainly to offline applications.
Motivated by the trajectory planning literature, we develop a
new estimation technique that leverages the differential flatness
property of many dynamic systems to define the spline in the
system’s flat output space, which is often Euclidean. Doing so
has the added benefit of providing a simple and effective way
to include system inputs in the estimation process. We show an
example of flatness-based estimation for the unicycle dynamic
model. We then show that this new method can achieve similar
performance as Lie group spline estimation with significantly
less computation time, and validate its use in hardware using a
differential-drive robot.

Index Terms—Sensor fusion, localization.

I. INTRODUCTION

THE problem of determining the trajectory traversed by a
dynamic system using data acquired by available sensors

is central to virtually all robotics applications. Traditionally,
this is accomplished using some variant of the Extended
Kalman Filter (EKF). In recent decades, however, the state
estimation literature has seen a shift toward discrete batch
maximum-a-posteriori (MAP) estimation techniques, such as
bundle adjustment [1]. This shift has largely been driven by
the finding that, in the case of visual simultaneous localization
and mapping (SLAM), MAP methods offer more accuracy per
unit of computation than EKF-based approaches [2]. However,
unlike EKF-based methods, discrete batch MAP estimation
suffers from the fact that each measurement must be tied to a
parameter in the optimization, meaning that high-frequency
sensors cannot easily be incorporated without introducing
a high number of new optimization parameters, which can
quickly cause the problem to become intractable. Methods
such as inertial measurement unit (IMU) preintegration [3]
can be introduced to allow for using such sensors, but these
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methods may not be trivial and must be carefully tailored to
each individual sensor type.

To combat this issue, continuous-time estimation techniques
such as spline estimation have been introduced [4]. Spline
estimation techniques are able to incorporate high frequency
measurement data while keeping the number of optimization
variables low by optimizing a fixed number of spline control
points rather than adding a new variable for each measure-
ment. These methods have been used for estimation with a
wide variety of sensors including IMUs [4], rolling shutter
cameras [5], and event cameras [6].

In order to avoid rotational singularities, most of these meth-
ods use splines defined directly on Lie groups [5], [7]. How-
ever, computing time-derivatives and control point Jacobians
of these Lie group splines is computationally expensive. The
authors of [8] present a recursive formulation for computing
the derivatives and Jacobians that is computationally linear
in the order of the spline, and thus represents a significant
step toward real-time applications. Unfortunately, even with
the formulation in [8], Jacobian computation remains the
bottleneck of Lie group spline optimization, limiting their use
mainly to offline applications.

Splines are also used regularly in the path-planning lit-
erature [9], [10], and often leverage Differential Flatness
(DF) [11], [12], a property shared by many robotic vehicles.
If a system is Differentially Flat (DF) then all of its dynamic
states and inputs can be expressed in terms of a lower-
dimensional set of flat outputs and their time-derivatives (see
Section III-A). This concept is useful in trajectory planning
because any trajectory planned in the flat output space that has
the correct degree of differentiability is dynamically feasible
(provided input constraints are not violated), and the flat output
space almost always has lower dimension than the state space.

To our knowledge the concept of DF has not been used
in the context of continuous-time trajectory estimation in the
literature, but we believe that it could offer similar benefits as
those gained in trajectory planning. In this paper we propose
a new continuous-time spline estimation technique for DF
systems that leverages the DF property to compute residuals
of measurements. The spline is defined in the low-dimensional
flat output space rather than on the system’s configuration
manifold, often bypassing the need to use Lie group splines
that have computationally expensive derivative and Jacobian
evaluations.

The DF-based estimation framework also provides a simple
and effective way to include the system inputs as “measure-
ments” to improve the spline optimization without having
to form motion priors through dynamics integration. This



2 IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED NOVEMBER, 2022

property could potentially be useful if other high frequency
measurements are unavailable, or, if the model parameters are
not well-known, to perform simultaneous trajectory and model
parameter estimation (although we do not pursue this idea in
this paper).

The contributions of the paper are as follows:
• A general framework for leveraging DF in continuous-

time spline trajectory estimation,
• An example use case for the unicycle dynamic model

with range, bearing, and IMU measurements, and its
application to a differential-drive robot, and

• An accuracy and timing comparison against Lie group
spline estimation on SE(2) with simulated data, both
when inputs are included and when they are not, as well
as validation of the proposed method in hardware with a
differential-drive robot.

The rest of the paper is organized as follows. In Section II
we present some preliminary information about Lie groups and
B-splines. We introduce our general framework for DF-based
spline estimation in Section III, followed by an example using
the unicycle dynamic model in Section IV. We provide simu-
lation results and comparisons in Section V and experimental
results using a differential-drive robot in Section VI, and
give some discussion and concluding remarks in Sections VII
and VIII.

II. PRELIMINARIES

A. Lie Groups

It is often necessary to use matrix Lie groups to accurately
model robotic systems. We introduce the needed notation in
this section. The matrix Lie groups SO(2) and SE(2) can be
defined as

SO(2)
.
=
{
R ∈ R2×2 |R⊤R = I, det(R) = 1

}
, (1)

SE(2)
.
=

{[
R t
0 1

]
∈ R3×3 |R ∈ SO(2), t ∈ R2

}
, (2)

with respective Lie algebras so(2) and se(2) given by

so(2)
.
=

{[
0 −θ
θ 0

]
∈ R2×2 | θ ∈ R

}
, (3)

se(2)
.
=

{[
X ρ
0 0

]
∈ R3×3 |X ∈ so(2), ρ ∈ R2

}
. (4)

We denote the isomorphism between Euclidean space and the
Lie algebra with the hat map

θ∧
.
=

[
0 −θ
θ 0

]
, θ ∈ R (5)

for so(2) and[
ρ
θ

]∧
.
=

[
θ∧ ρ
0 0

]
, θ ∈ R, ρ ∈ R2 (6)

for se(2). The inverse of the hat map is the vee map ∨ :
so(2) → R and ∨ : se(2) → R3.

The exponential exp : g → G is a map from a Lie algebra
g to its corresponding Lie group G. For matrix Lie groups,
exp(·) is simply the matrix exponential. For convenience, we

define Exp : g∨ → G, where g∨ = {X∨ | X ∈ g}, as the
composition of the hat and exponential maps Exp .

= exp ◦ ∧.
For SO(2), this admits the well-known closed form

Exp(θ) =
[

cos(θ) −sin(θ)
sin(θ) cos(θ)

]
. (7)

The inverse of Exp is the logarithmic map Log : G → g∨.
Inverting (7), we see that for SO(2) this has the closed form

Log(R) = tan−1

(
r1,0
r0,0

)
, (8)

where ri,j is the i, j-th element of R.

B. Euclidean B-splines

A k-th order Euclidean B-spline p(t) ∈ Rd (where d is the
spline dimension) with control points {p̄m ∈ Rd}m={0,··· ,M}
and knot points {tn ∈ R}n={0,··· ,M+k} can be evaluated at
time t using

p(t) =

M∑
m=0

Bm,k(t)p̄m, (9)

where Bm,k(t) are the B-spline basis functions of order k
evaluated at time t [13]. Equation (9) can be expressed in the
cumulative form as

p(t) = B̃0,k(t)p̄0 +

M∑
m=1

B̃m,k(t)(p̄m − p̄m−1), (10)

where B̃m,k(t) =
∑M

s=m Bs,k(t). Using the local support
property of the basis functions, the nonzero terms of (10) can
be removed to get the more compact form

p(t) = p̄n−k+1 +

k−1∑
j=1

bj(u(t))(p̄n+j−k+1 − p̄n+j−k), (11)

where the index n is chosen such that t ∈ (tn, tn+1]
1, u(t) =

t−tn
tn+1−tn

∈ (0, 1], and bj(u) is the j-th element of b(u) =

Ckµ(u), where Ck ∈ Rk×k encodes the continuity constraints
of the spline and

µ(u) =
[
1 u(t) u(t)2 · · · u(t)k−1

]⊤
. (12)

Finally, Equation (11) can be unraveled and stacked to obtain
the matrix representation

p(t) = Φ(t)p̄, (13)

where

Φ(t) =
[
(b0 − b1)I (b1 − b2)I · · · bk−1I

]
(14)

(the dependence of bj on u(t) has been omitted for clarity)
and p̄ =

[
p̄⊤
n−k+1 p̄⊤

n−k+2 · · · p̄⊤
n

]⊤
. Computing time-

derivatives of Euclidean B-splines is trivial with (13),

ṗ(t) = Φ̇(t)p̄, p̈(t) = Φ̈(t)p̄, · · · (15)

To learn more about the matrix representation of Euclidean
B-splines, see [14].

1To avoid sampling outside the range of the control point set, this implies
that t must fall within the range t ∈ (tk−1, tM+1].
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Fig. 1. Measurement evaluation using B-splines and differential flatness.

III. CONTINUOUS-TIME SPLINE ESTIMATION USING
DIFFERENTIAL FLATNESS

A. Differential Flatness

Definition 1: A dynamic system with states x ∈ X and
inputs u ∈ U that evolves according to

ẋ = f(x,u) (16)

is said to be DF with flat output y ∈ Y if the states x and
inputs u at any time t can be written as functions of the flat
output y and its time-derivatives ẏ, ÿ,

...
y , · · · , i.e.

x(t) = fx (y(t), ẏ(t), ÿ(t), · · · ) , (17)
u(t) = fu (y(t), ẏ(t), ÿ(t), · · · ) . (18)

Note that the state space X , input space U , and output space
Y need not be Euclidean.

B. Spline Estimation

If a dynamic system is DF, it is possible to represent
the time-evolving state of the system as a trajectory in the
flat output space Y . This idea has often been used in the
path planning literature in order to plan optimal, dynamically
feasible trajectories [11], [12], but it can also be used to esti-
mate continuous-time trajectories that fit a series of acquired
measurements. In this paper we will represent trajectories as
B-splines because the local property of their basis functions
results in factor graphs that are relatively sparse (the trajectory
at any time t is only affected by k consecutive control points).
Note however that it is possible to use any form of trajectory
basis functions provided the resulting trajectory meets the
system’s differentiability requirements.

We consider the case where a mobile robot with states x ∈
X and inputs u ∈ U with DF dynamics collects a set of
measurements {zi}i={0,··· ,N} according to the measurement
models

zi = hi(x(ti),u(ti)) + ηi, (19)

where ti is the measurement acquisition time and ηi ∼
N (0,Σi) is zero-mean Gaussian noise with covariance Σi.
Note that in this formulation it is possible for a measurement
to be dependent on the input u(ti).

Given a B-spline trajectory estimate ŷ(t) ∈ Y with spline
control points {ȳm}m={0,··· ,M}, where ȳm ∈ Y 2, an expected
measurement ẑi = hi(x̂(ti), û(ti)) can be determined using
the steps outlined in Figure 1. First, the spline is sampled at
t = ti to determine ŷ(ti), ˙̂y(ti), · · · . These are then passed
into the DF model to determine the state and input estimates
x̂(ti), û(ti), which are then given to the measurement model
to determine ẑi. Our goal is to find a trajectory estimate
ŷ(t), t ∈ [min{ti},max{ti}] that maximizes the probability
of the resulting state x̂(t) and input û(t) trajectory conditioned
on the measurements zi. This can be done by optimally placing

2If Y is a Lie group, a Lie group spline such as that of [5] can be used.

the spline control points ȳm. The resulting MAP estimation
problem is

{ȳ∗
m}m={0,··· ,M} = argmax

{ȳm}
p(x̂(t), û(t)|{zi}). (20)

Under the assumptions that no prior information is known
about x̂(t), the measurements are independent of one another,
and the measurement noise is Gaussian, the problem in Equa-
tion (20) is equivalent to

{ȳ∗
m}m={0,··· ,M} =

argmin
{ȳm}

N∑
i=0

(zi − hi(x̂i, ûi))
⊤
Σ−1

i (zi − hi(x̂i, ûi)) ,
(21)

where x̂i
.
= x̂(ti) and similarly for ûi. This problem can

be solved using Gauss-Newton or Levenberg-Marquardt opti-
mization. To do so, it is necessary to linearize the measurement
functions hi(·) about the current control point estimates ȳm0

as
hi(x̂i, ûi) ≈ hi(ȳm0) +

∂hi

∂ȳm

∣∣∣∣
ȳm0

δȳm, (22)

where δȳm is an incremental update to be applied to ȳm
3. By

repeatedly applying the chain rule, we find that

∂hi

∂ȳm
=

∂hi

∂x̂

(
∂x̂

∂ŷ

∂ŷ

∂ȳm
+

∂x̂

∂ ˙̂y

∂ ˙̂y

∂ȳm
+ · · ·

)

+
∂hi

∂û

(
∂û

∂ŷ

∂ŷ

∂ȳm
+

∂û

∂ ˙̂y

∂ ˙̂y

∂ȳm
+ · · ·

)
.

(23)

Thus we need to evaluate the Jacobians of the DF model
∂x̂
∂ŷ ,

∂x̂
∂ ˙̂y

, · · · and ∂û
∂ŷ ,

∂û
∂ ˙̂y

, · · · , as well as the structural Jacobians

of the spline ∂ŷ
∂ȳm

, ∂ ˙̂y
∂ȳm

, · · · , at each iteration in order to
minimize (21).

One of the major benefits of using DF to evaluate the
measurement models (19) is that the spline is defined on the
low-dimensional flat output space Y , rather than on the full
configuration manifold of the system. For many systems the
output space is Euclidean, whereas the configuration manifold
is a Lie group such as SE(2) or SE(3). Evaluating time-
derivatives and structural Jacobians of splines on Lie groups
is computationally expensive, even when using the recursive
form derived in [8]. On the other hand, evaluating derivatives
and structural Jacobians of Euclidean B-splines is trivial and
can be done in constant time.

IV. UNICYCLE MODEL EXAMPLE

A. Model

In this paper we will use a unicycle model to demonstrate
continuous-time spline estimation using DF. The states of the
unicycle model are described by the tuple x = {TI

B, v, ω} ∈
SE(2)×R×R, where B and I denote the body and inertial
frames of the vehicle respectively,

TI
B =

[
RI

B tIB/I
0 1

]
∈ SE(2) (24)

3In the case that Y is Euclidean, this is done with normal vector addition.
If Y is a Lie group, this is done with ȳm ← Exp(δȳm)ȳm (assuming left
trivialization).
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Fig. 2. Illustration of key variables in the unicycle model and the range and
bearing measurements to known landmarks.

is the pose of the model represented by the transformation
from frame B to frame I, with RI

B ∈ SO(2) representing the
rotation from B to I and tIB/I representing the position of
frame B with respect to frame I expressed in frame I, v ∈ R
is the forward speed of the vehicle, and ω is the angular speed
(see Figure 2). We define the body frame as the right-handed
coordinate system whose origin lies at the center of mass of
the model and whose forward axis points in the direction of
motion. If the inputs to the model are u =

[
F τ

]⊤ ∈ R2,
where F is a forward directional force and τ is a moment
applied about the vehicle’s center of mass, then the states x
evolve according to

ṪI
B = TI

B

([
v 0 ω

]⊤)∧
(25a)

v̇ =
1

m
(F − dvv + ηF ), (25b)

ω̇ =
1

J
(τ − dωω + ητ ), (25c)

where m and J are the mass and inertia of the vehicle, dv
and dω are linear and rotational drag coefficients, and ηF ∼
N (0, σ2

F ) and ητ ∼ N (0, σ2
τ ) are Gaussian input noise. We

will refer to the set Γ = {m,J, dv, dω} as the parameters of
the model. Note that the model in Equation (25) requires that
the lateral speed always be zero.

In this example the vehicle receives planar gyroscope and
accelerometer measurements from an onboard inertial mea-
surement unit (IMU) as well as range and bearing measure-
ments to known inertial landmark positions bI

l ∈ R2 (where l
denotes the l-th landmark) as they enter a field of view defined
by a maximum range rmax and bearing ϕmax. The gyroscope
and accelerometer measurement models are given by

zg = ω + ηg, za =

[
v̇
0

]
+ ηa, (26)

where ηg ∼ N (0, σ2
g) and ηa ∼ N (0, σ2

aI) are zero-
mean Gaussian measurement noise. The range and bearing
measurement models are

zlr = ∥bB
l ∥+ ηr, (27a)

zlϕ = tan−1

(
bly
blx

)
+ ηϕ, (27b)

where bB
l = TI

B
−1

bI
l is the l-th landmark position trans-

formed into the B frame, blx and bly are its components, and
ηr ∼ N (0, σ2

r) and ηϕ ∼ N (0, σ2
ϕ) are zero-mean Gaussian

measurement noise.
If we have access to the inputs u that drive the system, then

it is possible to use them as “measurements” to improve the
trajectory estimate. The resulting input measurements are

zF = F + ηF , zτ = τ + ητ . (28)

B. Differential Flatness

Theorem 1: The unicycle model in Equation (25) is DF
with flat output y(t) = p(t) ∈ R2, where p is the position
of frame B w.r.t. frame I expressed in frame I. The DF
equations (17), (18) are given by

TI
B(p, ṗ) =

[
Exp

(
tan−1

(
ṗy

ṗx

))
p

0 1

]
, (29)

v(ṗ) = ∥ṗ∥, ω(ṗ, p̈) = − 1

∥ṗ∥2
ṗ⊤1∧p̈, (30)

v̇(ṗ, p̈) =
1

∥ṗ∥
ṗ⊤p̈, (31)

ω̇(ṗ, p̈,
...
p ) =

2

∥ṗ∥4
(
ṗ⊤p̈

) (
ṗ⊤1∧p̈

)
− 1

∥ṗ∥2
ṗ⊤1∧

...
p , (32)

F (ṗ, p̈) = mv̇(ṗ, p̈) + dvv(ṗ), (33)
τ(ṗ, p̈,

...
p ) = Jω̇(ṗ, p̈,

...
p ) + dωω(ṗ, p̈). (34)

Because the unicycle model is DF, we can use a B-spline in
the output space R2 to represent its state and input trajectory,
and we can use the measurement models (26), (27), (28)
and DF equations to optimally fit the spline to the acquired
measurements. We note that if the input measurements (28) are
not used, knowledge of the model parameters Γ is not required,
and the only assumption made by using the DF model is that
the lateral speed of the vehicle is always zero. However, if the
input measurements are used, the additional information will
improve the trajectory estimate.

C. A note on Jacobians

As was noted in Section III-B, the Jacobians of the DF
equations as well as the spline structural Jacobians are required
to perform optimization on the spline control points. The
spline structural Jacobians are straightforward to compute
from the matrix representation (13),

∂p̂(t)

∂p̄m
= Φ(t)



...
0
I
0
...

 ,
∂ ˙̂p(t)

∂p̄m
= Φ̇(t)



...
0
I
0
...

 , · · · (35)

(where I goes in the (m − n + k − 1)-th position) if m ∈
[n − k + 1, n] and are zero otherwise. The Jacobians of the
DF equations and measurement models can also be computed
analytically. However, we do not present them here due to
space constraints.
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Fig. 3. Optimized splines compared to truth for several example trajectories.
The states and inputs for the solid trajectory are shown in Figure 4.

Fig. 4. Optimized trajectory states and inputs for the solid trajectory of
Figure 3, compared to truth. Error is shown in green using the error scale
on the right side of the plots.

V. SIMULATION RESULTS

We tested DF-based spline estimation on the unicycle model
of Section IV by simulating the dynamics (25) and mea-
surements over a period of 20 seconds using the following
parameters: m = 1 kg, J = 1 kgm2, dv = 1 kg s−1,
dω = 0.3 kgm2 s−1, σF = 0.01, στ = 0.01, σg = 0.005, and
σa = 0.01. Additionally, 500 landmarks were randomly placed
in a 20m × 20m area, and range and bearing measurements
were simulated with σr = 0.1, σϕ = 0.01, rmax = 3 m,
and ϕmax = π/3 rad. Input and IMU measurements were
collected at 100 Hz and, when available, range and bearing
measurements were collected at 10 Hz.

The control points for a uniform B-spline in R2 with order
k = 6 (a quintic spline)4 and knot spacing of 1 second were

4We found that k = 6 resulted in the lowest RMSE values while also
allowing for low solve times. Lower spline orders could also be used.

optimized for several example trajectories using the Ceres
Solver [15]. The input measurements were not used. In all
cases the control points were initialized to lie at uniformly-
spaced points along the x-axis. The optimized splines are
shown compared to truth trajectories in Figure 3 (see the dotted
lines), and the states and inputs for the solid line trajectory
are shown in Figure 4. As can be seen from the plots, the
optimized states fit the true states very well. The optimized
inputs also match the true inputs well while smoothing out the
noise, even when inputs were not included in the estimation.

Next, we compared the performance of DF-based spline
estimation against spline estimation on SE(2) using k = 6
and a knot spacing of 1 s. For SE(2) spline estimation,
we used a recursive method to analytically compute spline
derivatives and structural Jacobians, similar to the method
in [8]. We compared with splines directly on SE(2) as well
as splines on SO(2) × R2 to see if decoupling position and
rotation gives better performance [16]. Range and bearing
measurements were used in all experiments, and we compared
the difference between using IMU only, input only, and both
IMU and input measurements for the DF-based method. Input
measurements were not used for the SE(2) and SO(2)×R2

spline estimation, as these methods do not constrain the
estimated lateral velocity, thus there is no direct way to
evaluate the inputs. We seeded the optimization for both DF-
based and SE(2) estimation by perturbing the optimal SE(2)
spline control points with Gaussian noise, with a position
standard deviation of 0.3 m and a rotation standard deviation
of π/6 rad. Because rotation is determined by the velocity
of the spline, the DF-based experiments were not affected by
the rotation perturbation. All runs were done for a similar
trajectory as that of Figure 4.

For each run, we computed pose, velocity (including ω),
and input (only for DF-based estimation) root-mean-squared-
error (RMSE) by sampling the optimized spline at 2000 evenly
spaced times. The RMSE and run time values, averaged over
50 runs, are shown in Table I. In all cases optimization
was done on a single thread. All methods had similar pose
RMSE, but spline estimation on SE(2) and SO(2) × R2

had slightly higher velocity RMSE due to the fact that the
lateral speed was not constrained to zero as it was in the DF-
based methods. The SE(2) method had a significantly longer
average solve time than the DF methods, even though the
number of required iterations was much lower. This is because
computing time-derivatives and Jacobians of the SE(2) spline
is computationally expensive, even with the efficient recursive
formulation of [8]. Computing the spline on SO(2) × R2

rather than SE(2) sped up the computation (while increasing
the required number of iterations), but still took longer to
solve than the DF-based methods. Additionally, we note that
the DF method with both IMU and input measurements had
lower pose, velocity, and input RMSE than the other DF-
based methods, although it had a higher solve time due to
the increased number of measurements. This suggests that
incorporating input measurements could be worthwhile if the
added computation time is acceptable. Inputs can also be used
in place of IMU measurements if an IMU is unavailable and
model parameters are well-known.
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Spline Est. Type Pose RMSE Velocity RMSE Input RMSE Solve Time (s) Iterations Avg. Time per Iteration (s)
DF with IMU 0.07914 0.03440 0.11363 0.03950 10.20 0.00418
DF with input 0.07934 0.03292 0.11366 0.06195 14.90 0.00433

DF with IMU and input 0.07801 0.02774 0.11283 0.07557 13.44 0.00597
SE(2) with IMU 0.07945 0.03852 NA 0.12425 5.98 0.02100

SO(2)× R2 with IMU 0.08090 0.03839 NA 0.07891 8.06 0.01009

TABLE I
COMPARISON OF POSE, VELOCITY, AND INPUT RMSE, SOLVE TIME, AND ITERATIONS TO CONVERGENCE FOR EACH SPLINE ESTIMATION TECHNIQUE,

AVERAGED OVER 50 RUNS.

Fig. 5. Optimized DF spline (orange) and SE(2) spline (purple) compared
to data from a motion capture system (blue).

Finally, we note that the DF-based methods all required
a higher number of iterations to converge than the SE(2)
and SO(2)×R2 methods. We believe that this is because the
DF equations in Section IV are highly nonlinear, causing the
problem to be less convex. In rare occasions (fewer than 5%)
this would even cause the optimization to converge to false
minima (these occasions are not represented in Table I). The
SE(2) and SO(2)×R2 methods seem to be better conditioned
and are able to converge to the true optimum for a wider
variety of initial conditions than the DF-based methods can.

VI. EXPERIMENTAL RESULTS

In addition to the simulations presented in Section V,
we validated DF-based spline estimation with experimental
data collected from a differential-drive robot. Differential-
drive robot dynamics follow a unicycle model similar to
that presented in Section IV, but with right and left motor
throttles δr, δl ∈ [−1, 1] as inputs rather than force and torque.
Motor throttles can be mapped directly to forward and angular
velocity using the linear relationship[

v
ω

]
=

[
rk/2 rk/2
rk/b −rk/b

] [
δr
δl

]
, (36)

where r is the wheel radius, b is the distance between the
wheels, and k is a coefficient that maps motor throttles to
wheel angular rates. Using motor throttles as inputs, we
replace the input measurement model (28) with

zmt =

[
δr
δl

]
+ ηmt, (37)

where ηmt ∼ N (0,Σmt) is zero mean Gaussian noise with
covariance Σmt ∈ R2×2.

We used the Kobuki Turtlebot25 differential-drive platform.
The Turtlebot2 has a wheel radius of r = 0.035m, wheel
base b = 0.23m, and coefficient k = 23.81rad/s. Input

5turtlebot.com

measurements were collected at a rate of 20Hz. The robot was
equipped with an Intel RealSense D435i camera that was used
to detect ArUco [17] fiducial landmarks in the environment
and extract range and bearing measurements at 30Hz. In
addition, planar inertial measurements were acquired from the
RealSense IMU at a rate of 400Hz, where the non-planar
components were ignored. The robot was driven in a room
with an Optitrack6 motion capture system to determine its true
trajectory. For simplicity, we assumed that the camera, IMU,
wheel, and motion capture coordinate frames all coincide. We
additionally estimated constant IMU bias terms for both the
accelerometer and the gyroscope.

The robot was driven in a figure-eight pattern while ob-
serving 10 different landmarks over a 28 second period. We
tested DF-based spline estimation using range, bearing, IMU,
and input measurements, as well as SE(2) spline estimation
using range, bearing, and IMU measurements. In both cases
we used k = 6 with knot spacing 0.1 seconds. The DF spline
control points were initialized in a line on the x-axis and the
SE(2) spline control points were initialized at identity. The
estimation results are plotted against motion capture data in
Figures 5 and 6. As can be seen, the DF-based spline was
able to track the true motion of the robot very well, with
pose, velocity, and input data matching the true values very
closely despite only viewing one or two landmarks at a time.
The pose RMSE for the trajectory was 0.261, with a solve
time of 0.424 s. Notice that the estimator was not noticeably
affected by the small non-zero lateral velocities of the robot.
The SE(2) spline estimation did not perform as well, with a
pose RMSE of 0.317 and solve time of 1.386 s. We believe that
the difference in performance is because the SE(2) estimator
did not have access to the inputs. There were several sections
of the trajectory where one or fewer landmarks were visible,
so global pose estimation was not possible and odometry had
to be performed. Odometry using the low-noise inputs had
lower drift than odometry using only the IMU.

VII. DISCUSSION

These results highlight two major advantages of the pro-
posed method over splines on Lie groups. The first is that
modeling the trajectory on the flat output space allows for
more efficient estimation. This is mainly due to the fact
that computing time-derivatives and Jacobians of splines on
Lie groups requires many recursive matrix computations [8],
whereas for Euclidean splines it only requires computing
Φ(t), Φ̇(t), etc. The second is the ability to use the system
inputs directly in the estimation. It is possible to include

6optitrack.com
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Fig. 6. Optimized DF and SE(2) states and inputs for the trajectory shown
in Figure 5, compared to data from a motion capture system. Note: the blue,
purple, and orange traces are on top of one another in the θ and ω plots.
Note: inputs are not shown for the SE(2) spline because the DF constraint
was not enforced, so inputs could not be computed.

system inputs indirectly with other trajectory representations
through the use of dynamic motion priors. However, this
requires integrating the dynamics between discrete points on
the trajectory and does not ensure that the nonholonomic
constraints of the system are enforced. An experimental com-
parison between DF-based estimation and the use of motion
priors is beyond the scope of this paper.

Our results also highlight some disadvantages of DF-
based estimation. First, the use of the nonlinear DF equa-
tions (17), (18) causes the problem to be less convex and
more sensitive to initial conditions. This fact is evident in
Table I, where a higher number of iterations were required for
convergence. We also note that we did not include DF-based
estimation without inputs in the experimental results because
it required a large number of iterations to converge to a good
solution. Convergence and avoidance of local minima can be
improved by providing better initial conditions than were given
in this experiment. Also, using splines in the flat output space
requires that the motion of the true system agree with the DF
model. While we see in Figure 6 that the DF-based estimator
was not significantly affected by the small lateral velocities of
the robot, it is not clear at this point how much disturbance can
be handled reliably. We leave this question open for further
investigation.

VIII. CONCLUSION

In this paper we presented a general framework for leverag-
ing DF in continuous-time spline-based trajectory estimation,
similar to how DF has been used in the trajectory planning
literature. This method models the trajectory of the robot in
the flat output space rather than on its configuration manifold.
We showed how it can be used for unicycle model dynamics
that receive planar IMU measurements and range and bearing
measurements to known landmarks. Additionally, we showed
that with this method, it is possible to include the inputs to
the system in the estimation process without forming dynamic

motion priors. We showed through simulations that DF-based
spline estimation can provide similar accuracy as Lie group
spline estimation with significantly less computation time,
implying that this method may be better suited for real-
time applications, and we validated the proposed method in
hardware using a differential-drive robot.

We believe that this new estimation technique can be used
for a wide variety of applications in robotics. The framework
presented in Section III is general enough to be used for
any DF system. In the future we plan to use it with more
complicated systems, including quadrotors [11] and winged
eVTOL aircraft [18] in offline scenarios, such as calibration
and system identification, as well as in online scenarios using
sliding window batch optimization.
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